Interactive symbolic (programming)
activities for undergraduate science
education: An action-based constructivist
approach
Lorenzo Costigliola, Trond Ingebrigtsen, Prajakt Pande, Praveen Ramasamy

CUTL Project Report
December 2020

Supervisor: Simon Warren
Co-supervisor: Søren Larsen

Page 1 of 41

Table of Contents
Abstract.................................................................................................................................................. 3
1.0 Introduction ..................................................................................................................................... 4
1.1 Prologue ........................................................................................................................................ 4
2.0 Statement of significance ................................................................................................................ 8
2.1 Problem orientation ....................................................................................................................... 8
2.2 Exemplarity ................................................................................................................................... 9
2.3 Personal interests ........................................................................................................................ 11
3.0 Literature review .......................................................................................................................... 12
3.1 General mathematics-related learning difficulties in science ..................................................... 12
3.2 Existing and proposed solutions ................................................................................................. 14
4.0 Theoretical background: Learning, Cognition, and Pedagogy ................................................. 18
4.1 Constructivism and constructionism ........................................................................................... 18
4.2 Action-based learning: symbols as manipulatives ...................................................................... 19
5.0 The intervention: ........................................................................................................................... 21
5.1 Course: Understanding the continuous world ............................................................................. 21
5.1.1 Step one: Visualizing a vector field ..................................................................................... 22
5.1.2 Step two: Connecting the mathematical form to its representation ..................................... 24
5.2 Course: Quantum mechanics ...................................................................................................... 25
5.3 The choice of Python and Jupyter notebooks ............................................................................. 26
5.4 Design principles ........................................................................................................................ 27
5.4.1 Course-level principles ........................................................................................................ 27
5.4.2 Activity-based principles ..................................................................................................... 28
5.5 Jupyter example: Understanding the continuous world .............................................................. 29
5.6 Jupyter example: Quantum mechanics ....................................................................................... 30
6.0 Summary and Outlook ................................................................................................................. 33
7.0 Limitations ..................................................................................................................................... 35
References ............................................................................................................................................ 36
Appendix A: Jupyter using Google Colaboratory................................................................................. 40
Appendix B: Jupyter: Understanding the continuous world ................................................................. 41
Appendix C: Jupyter: Quantum mechanics (Module 1) ....................................................................... 41
Appendix D: Jupyter: Quantum mechanics (Module 2) ....................................................................... 41

Page 2 of 41

Abstract
Our project is situated within the broad domain of science education, emphasising
conceptual learning in the natural sciences. Its primary goal is to conceptualise -- with
inspiration from constructivist, constructionist, and action-based (e.g., embodied) theories of
learning -- intuitive and interactive ways of using programming and computational activities
(‘computational tools’) to teach (i.e., to support students in learning) highly abstract concepts
in the natural sciences. The project coins design principles for the development of
computational tools, and presents examples of implementing these principles as the main result.
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1.0 Introduction
Mathematics (e.g., idealisation, symbolisation, and modelling of worldly objects and
phenomena of study such as motion of planets, functioning of biological systems, molecular
interactions in chemical reactions) is integral to the practice of natural science (Giere 2009,
2010). Mathematics is thus also critical to the learning of science (e.g., NRC 1994). However,
the relationship between mathematics and science, in the context of formal science education
is not straightforward – for instance, mathematics and science (curricula) are often organised
and/or taught/learnt as distinct disciplines often ignoring the pedagogical value of overlapping
contexts (e.g., studying mathematics also in the context of, say, biology). This demarcation
indeed also undermines the critical role of mathematics in student conceptual understanding in
the natural sciences.
Our project is situated within the broad domain of science education, emphasising
conceptual learning in the natural sciences (Carrey 1986; DeBoer 2019; NRC 1994; Osborne
and Dillon 2008). Its primary goal is to conceptualise -- with inspiration from constructivist,
constructionist, and action-based (e.g., embodied) theories of learning -- intuitive and
interactive ways of using programming and computational activities (interchangeably also
referred to as ‘computational tools’) to teach (i.e., to support students in learning) highly
abstract concepts in the natural sciences (e.g., energy and matter). For simplicity and better
clarity, we begin the report by discussing a few cases based on our own teaching-learning
experiences, one from basic (school-level) and one from higher (university-level) science
education. The reader may find these cases helpful in situating (and understanding the nature
of) our pedagogical problem before delving into the background literature, conceptual and
theoretical issues in relation to the problem, and our approach to address those issues.

1.1 Prologue
Imagine teaching a student how mathematical models and representations (of concepts in
a domain/discipline) are related to their real-world instantiations. Take the concept of a triangle
as an example – a simple geometrical shape abundantly observed in our surroundings in
numerous variations (such as a flag, a sandwich, a box). Specifically, consider the problem of
calculation/measurement of the area of a triangle (Figure 1) from elementary-school-level
mathematics.
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Figure 1. The formula for the area of a triangle – a closed polygon shape marked by three ‘sides’ and three
‘angles’ (Source: onlinemathlearning.com). The figure shows three types of triangles to illustrate the concept of
base and height. The area of a shape is the quantity of space enclosed within the boundaries of that shape.

The area of a triangular shape is a real-world property accessible to our senses for
perception – we can feel it in multiple ways. An abstract symbolic form of the area of a triangle
that can be broadly applied to all triangles is given by the equation – ‘A = ½ b h’ – where ‘b’
represents the ‘base’ of a triangle, ‘h’ stands in for its ‘height’ (relative to the chosen base),
and multiplication is implicitly assumed between the symbols. As its verbal representation (i.e.,
in words), this equation could be explained as follows: the area of a triangle ‘A’ is half of the
product (multiplication) of its height ‘h’ and base ‘b’. Yet, for a learner not familiar with any
of this, it is difficult to perceive/feel/imagine what ‘base’ and ‘height’ might mean, among
other things (Pande and Chandrasekharan 2017). However, it is important to understand the
different symbolic and mathematical aspects of a triangle in order to develop a good
understanding of, for instance, the physics (area/angle-force-strength relationships) behind
natural or artificial triangular (or triangle-like) objects. This knowledge of physics (e.g., of the
capacity of triangles to hold loads) is further required, from an engineering perspective, to be
able to build/change physical objects of interest (e.g., triangles are among the most stable
physical structures – triangular iron-blocks, for instance, provide great physical stability to
engineering structures such as bridges on rivers/sea).
The mathematics of triangles, in most curricula, is generally taught much before the
physics of triangular objects (the former in elementary schools, while the latter perhaps in high
schools). Not only does this make it difficult for the teachers-learners to imagine the
connections between the two in terms of the real-world context, but, in our practice-informed
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opinion, it can also make students feel ‘lost’ in the transdisciplinary sea of mathematicalsymbolic relationships when encountering physics (and/or engineering) later in their education.
While it is out of scope of this project to comment on the best ways to organise curricula, as
there may be multiple other factors involved in conceptualising the structure (and functions) of
formal education, it is important for teachers to address this problem.
Another issue, with regards to teaching-learning mathematics (independently, as well as
in the context of natural science) is that the generic symbolic representational formulae (such
as the equation for the area of a triangle) are arrived at through possibly complex and abstract
mathematical

treatments

(e.g.,

derivations)

of

idealisations

(e.g.,

of

accessible/perceivable/’feel-able’ real-world objects such as triangles). However, for one to be
able to apply these generic formulae (e.g., ‘A = ½ b h’), it is not necessary to understand the
complex mathematical algorithmic treatments (and the concepts underlying them) that helped
mathematicians arrive at those equations and formulae (e.g., the mathematical proof for the
formula for area of a triangle; another example on Schrodinger equation is illustrated below);
although, it will help a student to think like a mathematician early on in their education, and/or
develop perspectives. Nevertheless, regular teaching-learning in multiple domains (including
mathematics and the natural sciences) may be forced to ignore such complex algorithms (e.g.
derivations, mathematical proofs) for pragmatic as well as epistemic reasons (e.g., time allotted
for a lesson, factors such as how critical the derivations are from an epistemic point of view).
In higher science education, things get quite complicated. Take the following example
developed from one of our own cases of teaching in the natural sciences (under)graduate
programme at RUC: Schrödinger’s equation!
Schrödinger’s equation is equivalent to Newton’s (second) law of motion (F = m a) but
set in the realm quantum mechanics and not classical mechanics. Schrödinger’s equation helps
explain and model the behaviour of tiny objects (e.g., molecules, subatomic particles, etc.),
while Newton’s law of motion usually applies to larger everyday objects (e.g., a ball/stone,
car). To study Schrödinger’s equation, not only does one need to solve complex partial
differential equations, but also to depart from one’s natural/everyday intuition about objects
and, for instance, their movement in space (think: how a ball moves when you throw it). In
quantum mechanics, a particle, in the Copenhagen interpretation, is nowhere “to be found’’
until you perform a measurement; and hence, only the probability that a particle can be at a
given location is dealt with. This is such a dramatic breakdown of everyday intuition that many
unusual things occur; the book is with certainty on the table in classical mechanics, but in
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quantum mechanics the interpretation is different; in loose terms, one could say that, for
instance, a book could be on a table at RUC, or on the Moon, with some probability “at the
same time”. Additionally, to solve the Schrödinger equation for even a simple system can often
require many pages of computation and “complex” mathematics (e.g., of the kind illustrated in
Figure 2). This makes quantum mechanics an incredibly challenging subject in science
education – the connection to everyday life existed for the triangle but this link disappears
completely in quantum mechanics and one must reinvent intuition (about the physical world).

Figure 2. The top picture (photograph of textbook pages) shows a ‘problem 2.5’. The bottom three pictures (pages
1-3) show the solution to problem 2.5. The figure illustrates that complex and lengthy mathematical calculations
can underlie some of the highly symbolic physics problems.
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2.0 Statement of significance
Students enrolled in the natural sciences at RUC come from different educational
backgrounds. They also have varying levels of high-school mathematics education. Most RUC
natural sciences programmes have several mandatory courses in the first two semesters that are
mathematics intensive (e.g., courses such as those on quantum mechanics require students to
engage with and/or build on an understanding of advanced mathematics). Students from
diverse backgrounds, and with varying degrees of skills (ranging from almost no, to highly
skilled) in fundamental as well as advanced mathematics, enrol in these courses. As their
teachers, we notice that many of the students struggle with the mathematical treatments that
one needs to apply to understand scientific concepts and their models (see previous section),
as well as to learn modelling – an integral part of learning and doing science. In addition, even
students with excellent mathematical skills may find certain algorithms (e.g. of the kind
illustrated in the case of the area of a triangle, as well as in Figure 2) irrelevant to solve
problems. Hence, we would like to explore possible intuitive ways of engaging students with
the mathematical aspects of science, primarily to overcome mathematics-related difficulties
(interchangeably, and more broadly, also referred to as ‘math barrier’) in understanding
scientific concepts in natural science. We hope that our approach will also help highly skilled
students better engage with the mathematical content while learning science.

2.1 Problem orientation
Experts in scientific domains are believed to approach scientific concepts and
symbolic/mathematical/computational modelling of objects and phenomena of study with a
sense of intuition (a “qualitative conceptual understanding”; Niedderer, Schecker, and Bethge
1991). Students (novices or novice learners), on the other hand, cannot do this as they are yet
to develop that kind of intuition through formal and informal disciplinary education, rigorous
practice as well as extensive experience working with diverse scientific models and
representations (Kutchukian et al. 2012; Pande 2020). Students are more likely to approach a
problem-solving exercise (that involves mathematical and symbolic models) by looking for an
equation in the course book. Our approach aims at helping students in developing an intuitive
approach to these symbolic/mathematical/computational models through symbolic activities
performed in computer programming environments (also interchangeably referred to as
‘computational tools’). Students in these activities play around with (or more formally
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manipulate) some of the variables in scientific or mathematical models (e.g., variables in the
equation of a triangle, or the Schrodinger equation) and develop a sense of how those variables
are related to the concepts (e.g., area of a triangle, behaviour of subatomic particles), before
(or at the same time) they can formalise mathematical forms related to the concept. In some
cases, these variables can even be abstract mathematical objects as functions (as in the
Schrodinger equation case shown in Figure 1). Such intuitive approaches are developed
through “Experimenting with ideas” (Niedderer et al. 1991) and this experimentation is what
the computational tools (and the activities designed with them) should make possible.
In this context the operationalisation of our research question is: How to design
computational programming activities to give students an intuitive sense (i.e., an experiential
and qualitative understanding) of scientific concepts and the mathematical operations behind
these?
In order to seek answers to this question, we plan to indulge in a design-research study
(where we design theory-guided learning activities and modules; McKenney and Reeves 2018)
that takes theoretical inspiration from the following theories of learning and cognition:
Constructivism

(Sjøberg

2010),

constructionism

(Richardson

2003),

and

action-

based/embodied learning (Pande and Chandrasekharan 2017).

2.2 Exemplarity
The skill of modelling (mathematical or not) is not limited to the natural sciences.
Modelling is "a process of producing, or building, models, or as a broader (or more detailed)
process that also includes the use, or manipulation, of models” (Gilbert and Justi 2016). From
a psychology perspective, modelling can be understood as a complex process involving an ever
ongoing/dynamic interaction between the mind (i.e., a cognitive agent – in this case, a learner)
and the elements in its surroundings (objects ‘physically’ external to one’s brain and body). In
the context of our problem in science education, the external elements comprise of, among
other things, external representations such as (mathematical) equations, graphs, diagrams,
computer models, visualisations, to name a few. Cognitive psychology and constructivist
theories of learning broadly agree that the mind (e.g., that of a learner) actively builds mental
referents (called ‘internal’ representations or ‘mental models’) that stand in for (i.e. mentally
represent) the elements in one’s surroundings as they interact/engage with or navigate the
surroundings. For instance, one’s imagination of the shape of a triangle (in the absence of a
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physical stimulus – a diagram drawn on paper, or a triangular shape) would be broadly
considered as their mental model of a triangle (although, it is not as straightforward in
psychology!). Thus, if one engages in building a physical model of a triangle, or an internal
imaginary one, they could be said to have engaged in doing ‘modelling’ (For recent theoretical
insights – see section 4.2 below).
Most academic and professional disciplines often involve learning and practicing
modelling as a major part of domain-specific as well as general activities. We believe that our
pedagogical problem, although currently contextualised within the natural sciences, is relevant
to many other educational domains (e.g., economics, neuroscience, earth-sciences, social
sciences, geology, business and marketing; see section 7.0 for a brief discussion on how to
extend our approach outside the natural sciences where we give an example from neoclassical
economics).
As an educator, however, there are several important aspects (related to learning design)
to keep in mind while designing group or individual interventions for engaging (and
developing) student intuition with symbols, and symbolic and mathematical activities, to help
them develop modelling. For instance, the teacher should be able to set the difficulty level of
the group activity to offer interesting problems for students of different levels; (if computerbased) the software should facilitate students in exploring the problem studied but should be,
at the same time, ‘readable’ and easy to understand in order to not be used as a black box; the
computational tools introduced should not be problem specific but should allow the student to
re-use what was learned in a different context (in other words, the activity should also be
exemplary); and so on. Some of these concepts will be explicitly considered in the end of
Section 5.4 in the context of the product (physics teaching-learning modules) of this project.
We believe that a design-research study of how to develop group activities based on the
use of dedicated computational and programming tools will be useful in our future teaching.
We also think that computational tools can be even more relevant in the case of online teaching
because the kind of activities we are going to discuss can be identified as a more advance
realisation of usual homework (and/or the associated thought process).
Our approach focuses more on ‘doing’ as opposed to ‘thinking/abstract’ - so exploring
this problem opens for more possibilities for learning by directly having students practising
problems. In this sense the introduction of these tools in lectures can produce a radical
transformation of course teaching, where students are given a more active role. The
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employment of student-centred activities entails a different way of planning the teaching
schedule and of the interplay between teacher and teaching assistants (Barba 2018; Hernandez,
Ravn, and Forero-Shelton 2014).
In summary, the project outcome provides a concrete set of design principles (see section
5) for computational pedagogies to support the development of student intuitions and skills,
specifically in the context of symbolic/mathematical modelling in the natural sciences, yet
broadly applicable in other educational domains as those mentioned earlier.

2.3 Personal interests
All members of this project group have some formal educational background in the
natural sciences (e.g., Biology, Physics, Biotechnology), while one of us pursues studies in
cognitive and the learning sciences (investigating how the mind ‘works’, and how learning
happens). Thus, the problem of developing (computational) tools which can assist teachers in
engaging students, and supporting the learning process, during a (natural science) course is of
general interest to us, like most other teachers. Further, it also interests us to understand how
computational tools can support the process of learning, and what design principles emerge out
of our understanding of this process.
In relation to our problem, some of us already use computational programming in our
teaching to help students in math and modelling-related problems. These programs are used to
allow students, for instance, to easily visualise the behaviour of (biological, physical, chemical)
entities or events in relation to the different variables involved, or to study how solution(s) of
a mathematical problem can depend on a (biological, physical, chemical) system’s initial
conditions (e.g., variable settings in those models). In addition, we believe that computational
tools are ideal for simulating and studying (hence, teaching-learning) complex systems, for
which exact solutions do not exist; such systems are also more interesting to the students as
there are often no ‘right’ or ‘wrong’ solutions/answers, but the key outcome is the process
arriving at those solutions. We are interested in developing such computational programming
exercises/activities, with inspiration from constructivist, constructionist, and action-based
theories of learning, and critically evaluate how to integrate these exercises in our teaching
(e.g., giving concrete ready-to-be-used examples for some courses at RUC).
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3.0 Literature review
While we unanimously recognise that symbolic/mathematical modelling-related
teaching-learning

difficulties,

and

consequent

learning

problems,

among

science

undergraduate students are systemic issues, and no single group of stakeholders (e.g., students,
teachers, educators, education policy makers, recruiters) can be held accountable for these
issues, the science education literature provides multiple empirical perspectives to study and
explain these issues (Karsai and Kampis 2010; Wachsmuth et al. 2017; Watters et al. 2020). In
this section, we bring together some of the most important perspectives, often also backed by
empirical evidences, that help us understand how these teaching-learning difficulties could be
explained and addressed. In other words, while the text below may, at times, seem to indicate
deficit-oriented accounts of the problem (e.g., lack of skills among students), they are mere
reconstructions of our understanding of the literature, and are simply acknowledging the gaps
between desirable competences (e.g., among students) and actual (measured) competences.

3.1 General mathematics-related learning difficulties in science
Students enrolled in various natural science undergraduate programs have been found to
struggle to understand some of the fundamental conceptual contents in science and
mathematics (Andrews, Runyon, and Aikens 2017; Watters et al. 2020). Many students
experience difficulties in following lectures, especially the lectures involving application of
mathematical principles, symbolic representation, and mathematical treatments/operations to
various concepts in the natural sciences (e.g., electricity, mechanics, epidemiology, nutrient
transfer, geological scales; Baldwin and Kuljis 2000). This is observed even more so in those
natural science domains where mathematical knowledge is either not a mandatory pre-requisite
or is not emphasised or valued (Wachsmuth et al. 2017). In RUC context, it is important to
mention that the Department of Science and Environment (INM) has developed an entrance
test for first year students. This test is not relevant in terms of admission, but it is meant to help
students understand and reflect upon their mathematics-related competences and to address
these problems by providing additional (summer) courses.
Across the globe, science educationists have been arguing that numeracy (mathematical)
skills among undergraduates in multiple science education programmes have declined over
time. For instance, many first-year university courses (e.g., on differential calculus, or
Newtonian mechanics) appear extremely difficult to the students (Barba 2018; Sands 2010).
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Several studies have found that the students of science, particularly biology, have a less positive
attitude towards mathematics (Andrews et al. 2017; Watters et al. 2020). This has also been
linked to a continuing decline in the numbers of high school students studying advanced
mathematics. Furthermore, this decline in the number of students studying formal
mathematical studies (e.g., at high-school level), has been attributed to several factors including
the increased availability of multiple subject-options, students’ perceptions of their ability and
subject difficulty, and the removal of mathematics prerequisites for entering many university
programmes (Wachsmuth et al. 2017). There are also reports that attribute these problems to
an increased focus on results rather than on fundamental learning. Finally, even if students
might have learnt the requisite basic content in their high school education (e.g., in
mathematics), they may find it difficult to relate to that basic knowledge while learning
advanced university science.
On the other hand, most natural science domains (e.g., biology) are becoming
increasingly quantitative, expecting/demanding higher representational competence and
symbolic thinking abilities among students (Tsui and Treagust 2013). The ability to use
quantitative reasoning and analysis to interpret data, the ability to develop and interpret graphs,
and the ability to apply statistical methods to diverse data were identified as core competencies
required of biology undergraduate education (Brewer and Smith 2011; Watters et al. 2020).
Using equations to define biological and chemical processes, as well as linear, exponential,
hyperbolic, and sigmoidal functions are considered essential for the molecular life sciences
(Watters et al. 2020). However, most students at entry-level undergraduate biology education
find it comparatively difficult to incorporate such quantitative skills (Andrews et al. 2017).
Many students have difficulty with the basic concepts of pH and buffers (requiring proficiency
with logarithms) and enzyme kinetics (requiring algebraic manipulations and graphing)
(Watters et al. 2020). Again, we find it important to mention that RUC is no exception in this
global scenario. Many natural science students we encountered over the years at RUC face
difficulties understanding as basic mathematical concepts as ratios (e.g., that ½ is equivalent
to 3/6; remember the elementary school example of area of a triangle), and percentage (e.g.,
what is 15% of something), let alone advanced mathematics.
It is sad and concerning that, on entering universities, such mathematics-related learning
difficulties, and lack of certain competencies among students negatively affect their
understanding of science, as well as their perception of science. Several reforms are being
conceptualised in higher education curricula such as incorporating the teaching of quantitative
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skills in courses, redesigning mathematical courses to include discipline-specific examples,
and designing fully integrated mathematics–science courses with a goal of preparing students
for a career in the field of interdisciplinary sciences (Karsai and Kampis 2010). However, the
negative attitude of students towards mathematics is considered a major challenge for this
quantitative science education. Research indicates that such an attitude towards mathematics
is more prevalent among biology students (and teachers) than in any other natural science
domain. Research also shows that students with negative attitudes towards mathematics may
either resist learning mathematics-intensive courses or avoid teachers who emphasise
quantitative education (Andrews et al. 2017). For this reason, in recent times, separate set of
tools are being tested to assist students to overcome mathematics-related fear and difficulties.
One such example is the use of online mathematical support environment called ‘Maths Skill
Set’ that helps entry-level undergraduate students to improve their numerical and mathematical
literacy relevant to biochemistry principles (Watters et al. 2020).
In the next sub-section, we will review some of the important pedagogical approaches
conceptualised to address mathematics-related teaching-learning in higher education.

3.2 Existing and proposed solutions
Pedagogical approaches that rely on computational approaches to teach symbolic and
mathematical modelling skills (e.g., computational thinking pedagogies, teaching-learning
science through programming and/or simulations; Wing 2006) in a domain are shown to
improve overall conceptual understanding among students (Sands 2010; Yadav, Hong, and
Stephenson 2016). Introducing students to computational modelling early on in their education
effectively supports them in overcoming the ‘mathematics barrier’ (Freeman et al. 2014; Sands
2010). This has been demonstrated, to a considerable success, at elementary and high-school
levels (e.g., Logo and Sugar platforms in the One-Laptop-Per-Child program, NetLogo based
pedagogies, model-based reasoning; Chabay and Sherwood 2008). However, evidences of
systematic integration of computational approaches to university teaching and learning are
scarce (Barba 2018; Suárez et al. 2018).
The computational thinking approach to learning originates from the idea that computers
can enhance thinking of humans by changing patterns of access to knowledge (Papert 1980).
In educational practice, this approach can be carried out when students themselves construct,
or work with, for instance, physics-related computer models with tuneable levels of complexity
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and programming requirements. This approach has been found to increase learning compared
to traditional teaching methods (Freeman et al. 2014; Sands 2010) by providing sufficient
scaffolding in a suitable learning pace for the students (Barba 2018) and allowing for more
advanced visualisation techniques (e.g., electrical fields; Chabay and Sherwood 2008).
Cognitive science research has also established that reasoning using computer models which
support step-by-step thinking about processes is more natural than reasoning from closed form
constraint-based solutions (Chabay and Sherwood 2008). For instance, Körber et al. (2018)
reported on how simple simulations can be used in teaching at high school level. Even though
this is not the education level we want to refer to for this project, it could be interesting to look
at how promising this approach is at earlier education. Two interesting opportunities related to
the use of computer simulations in high school education are underlined (Körber et al. 2018).
First opportunity is that the simulations can be used to make the students deal with problems
that are mathematically beyond their reach (general relativity) and often topics which could
result to be more interesting than the usual curriculum. Secondly, working with simulations
can easily allow to tune the level of the exercise to the student’s audience. The first aspect is
particularly important also in education at the university level. The use of simulations or other
computational tools can allow the students to engage with problems which are interesting on a
research level and which they could not be able to access before the end of their education
otherwise. The second aspect suites well with organizing students in groups and with making
them work on the assignment to a level which can be tuned by the teacher. Again here, it is
important to keep in mind that the use of numerical tools should be considered as a supplement
to the traditional teaching methods as suggested by, e.g., Barba (2018). For example, students
study the background theory or principles that will be used in the simulations (e.g., Newton’s
laws and Newtonian gravity) at a first level to which is possible to easily follow the math, then
use the simulations to go further and study well know results without an exact solution
(planetary motion in multi-body systems) and finally use the simulations to have a grasp of
what happens in the case of more complex theories (General relativity) which would be out of
their reach for their mathematical aspects. (Körber et al. 2018).
In a different case (high school students), the use of modelling software (Niedderer et al.
1991) or specifically developed games (Anderson and Barnett 2013; Squire et al. 2004) has
been proved to be of some help. These tools can allow students to “experimenting with ideas”
(Niedderer et al. 1991) and to develop “qualitative conceptual understanding” (Niedderer et al.
1991) of physics-related problems, which is often needed before the quantitative and formal
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mathematical approach to the problem can be developed. Positive experiences of computeraided learning in physics have been reported also at university level (Kozielska 1996) but
always reminding that “didactic computer programs can replace neither the words of a lecturer
nor a real-life experiment”. Discussing problems in small group could favour learning by
increasing students' engagement but introduces new challenges. Supervision is needed at the
different steps of the group activity to avoid groups to get stuck because of poor starting
assumptions (Benckert and Pettersson 2008).
A

versatile

computational

simulation-based

teaching-learning

tool

NetLogo

(https://ccl.northwestern.edu/netlogo/) is quite popular among computational pedagogyenthusiasts and educational technologists. NetLogo is a multi-agent programming language
and modelling environment for simulating complex phenomena (Wilensky 1999). Netlogo
libraries include a range of simulations and models of different concepts and phenomena across
biology, physics, chemistry and several other domains in science. The simulations model these
phenomena in the form of dynamically linked multiple external representations (e.g.,
equations, graphs, visualizations; (Pande and Chandrasekharan 2017) that help learners
visualise those phenomena and even ‘working around’ with (or add/delete) the different
interacting parameters while modelling the phenomena (Kothiyal et al. 2014).
StarLogo TNG is another computational tool developed specifically to enable students to
build simulations and learn features of complex systems without extensive background
knowledge (Klopfer, Scheintaub, Huang, and Wendel 2009; Klopfer, Scheintaub, Huang,
Wendel, et al. 2009). StarLogo TNG provides an environment for building agent-based models,
one of the basic techniques in complex science studies. Instead of text-based computer code,
StarLogo TNG has users build simulations using graphical programming blocks. The blocks
are coloured based on programming function and “click” together using puzzle-piece shapes
that allow only syntactically correct constructs to be built (Klopfer, Scheintaub, Huang, and
Wendel 2009). This ease learning of basic programming concepts such as variable types,
assignment, procedures, and control-flow (e.g., if-then statements, loops) by providing
intuitive, visual mappings. Smith and Duncan (2011) introduced StarLogo TNG to
undergraduate students in biology to build computer simulation on animal behaviour. They
then allowed the students to modify the simulation and carry out a simulation-based
experiment. These exercises increased the confidence of students in answering questions
requiring understanding of computer code.
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As a part of this project, we design a set of action-based computational (e.g., Python
programming for reasons discussed in Section 5.3) exercises to help students in learning
scientific concepts that involve intensive mathematical treatments. The broad design idea is to
generate computational problem-solving situations where students can work around with
existing computational programs and “tweak” different aspects/parameters in those pre-written
codes (to mask the math barrier) in order to understand how outcomes of phenomena change
accordingly. This possibility of ‘working around’ grounds the combination of computational
approaches with constructivist, constructionist, and action-based learning theories for the
development and implementation of a stronger, theoretically motivated higher education
pedagogies, the details on which is elaborated under the next section.
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4.0 Theoretical background: Learning, Cognition, and Pedagogy
In the sections below, we attempt to capture two broad interrelated pedagogical
frameworks that provide the necessary theoretical grounding for the proposed design and
development work.

4.1 Constructivism and constructionism
Constructivism, as a theory of learning, asserts that one 'constructs' meaning and
knowledge actively through (socio-material) experiences gained while navigating in (or
interacting with the elements of) the real world (as opposed to the transmissionist model which
assumed that knowledge acquisition is a result of transfer from one being to the other).
According to constructivists, both knowledge and the world are constructed and constantly
reconstructed through one’s personal experience. Existence and form of each of them is gained
through the construction of the other (Ackermann 2011).
Some of the core ideas of constructivist-learning theory that are relevant to this project
are (Richardson 2003; Sjøberg 2010):
•

The individual constructs knowledge actively from within and does not receive passively
from the outside. Learning is done by the individual himself and is not something that is
imposed on him.

•

Individuals create their new knowledge by collaborating between what they already know
and believe, and ideas and knowledge to which they are newly exposed.

•

Individuals have their own ideas about the world, of which some are socially and
culturally accepted and often supported by metaphors etc. These ideas often function well
as tools to understand different phenomenon.

•

It is important for the teachers to consider the learner’s existing ideas seriously in order
to change or challenge these.
While there are several faces and views for constructivism, we intend to focus on

constructionism as a relevant label for this study. While constructivism-learning theory in
general explains how knowledge is constructed through a process of accommodation and
assimilation (Richardson 2003), constructionism places emphasis on the art of learning, or
‘learning to learn’ and on making things in learning (Ackermann 2011). Constructionism
stresses the importance of tools, media and context in knowledge development (Ackermann
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2011; Papert 1980). Individuals could source learning tools from, for instance, computer or
virtual worlds, in order to make things and create new knowledge. Physical activities or their
mental equivalents/counterparts provide for individual or collaborative understanding of
mathematical objects and complex systems. This has inspired widely successful interactive
computer simulation interfaces such as NetLogo for science learning (Wilensky 1999), through
manipulation-based programming.
We intend to use both constructivism and constructionism (as theories of learning), and
their pedagogical implications (particularly related to learning through building/manipulation)
for computational activity/module learning design in their broadest sense.

4.2 Action-based learning: symbols as manipulatives
Constructivism and constructionism both agree, as educational philosophies as well as
theories of learning, that the mind actively constructs knowledge (e.g. through modelling; see
section 2.2). However, educational and learning scientists greatly differ in the ways they
explain the cognitive processes and mechanisms supporting knowledge construction. For
instance, although mainstream cognitive science has criticised and moved away from the
classical cognitivist information-processing approaches, which underestimate the roles played
by (human) body and action in cognition, these outdated approaches are still dominant among
constructivists as well as constructionists. The classical cognitivist theories erroneously
theorised knowledge construction (or generally, cognition) as symbolic processing (of
abstracted information) that is centralised in the brain, and is completely dissociated from one’s
sensory modalities as well as external environment (Pande 2020). This theory broadly assumed
that the brain and computer are structurally and functionally analogous (e.g. both as
information processors, both having information input sources and actuators; Gooding 2006;
Paivo 2006). The learner’s mind, according to the information processing theory, extracts
information upon encountering a perceptual input (e.g. learning content). The mind then
represents this extracted information in forms of amodal (i.e. sensory modality-independent)
symbolic codes known as internal representations (mental representations), and attempts to
establish correspondences between the different kinds of extracted symbolic information
through ‘translation’. The translation processes are also responsible for coordinating between
the external environment and the learner’s internal representations (or mental models; Paivo
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2006; Wu, Krajcik, and Soloway 2001). In other words, these correspondence processes are
forms of knowledge construction according to these theories.
In contrast, recent theories of cognition have moved away from the information
processing model, to develop action-based (neural) mechanism accounts (e.g. extended,
distributed, and embodied cognition) of how the mind is likely to work. More than two decades
of recent cognitive and neuroscience research has demonstrated that cognition (even at the
neural-activity level) depends critically on one's body, the material (and sociocultural)
elements in one's surroundings, and the body-based sensorimotor interactions one has with
these elements. These theories suggest that objects such as models in one’s surroundings
(including symbolic and mathematical representations/models), and a learner’s interaction with
them, play a constitutive role in the learning of concepts related to those models. Cognition and
learning, according to these new theories, is marked by a coupling between the
symbolic/mathematical representations/models, and the cognitive system of the learner,
facilitated through an ‘incorporation’ process, where the symbols and mathematical operations
become part of the cognitive system, while also forming and extending the internal model of
the represented scientific domain. This incorporation process, hence coupling, is driven by
(sensorimotor) bodily actions or manipulations performed by the learner on the symbols and
models. Further, these interactions help the learner ‘capture’ and ‘unfold’ the different states
of a system at will, thus strengthening the integrative coupling.
In summary, action-based cognition approaches imply that a bodily manipulation (e.g.,
of representations and models related to a concept, in a computational and modelling interface)
is critical to cognition (and hence, learning about that concept). Specifically, embodied
cognition asserts that motor control one experiences during such a manipulation (the body and
brain’s motor system is responsible for all bodily movements and actions) performed on
symbols and other representations (e.g., in an interface) would trigger and/or prime the neural
processes that support representational competencies (in science). Therefore, pedagogical
approaches based on these recent cognitive theories need to treat (mathematical) symbols,
models, and representations in science as if they were actual physical objects that can be
manipulated and played around with (and hence, cognised or coupled with as an extension of
the mind!).
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5.0 The intervention:
The constructivist and action-based pedagogical theories introduced in the previous
section are going to be put into action in the intervention that is presented here. The design
principles discussed here are developed keeping in mind the idea that the student learning can
be improved by facilitating their interaction with the subject/topic through active manipulation
of the mathematical objects (symbols and other representations/models) appearing in the
exercise. The use of Python scripting is meant to facilitate the calculation part leaving the
possibility to the student to connect directly to abstract concepts (as the analytical
representation given by a mathematical formula and the visual properties of its representation).
The design principles also include some well desirable guidance to the student on how to keep
track of their progressing while experiencing the activity itself. How to modify the course
structuring in order to include this kind of activities into lecturing is also briefly discussed.
We describe first in the next section how computational tools were used in the teaching
of two courses at RUC in the past years. Then we formulate design principles and show how
the mentioned computational activities can be redesigned according to these principles.

5.1 Course: Understanding the continuous world
The first example is a 5 ECTS Phys/Mat elective course at the Bachelor level in natural
science at RUC: Understanding the continuous world (https://study.ruc.dk/class/view/20192).
This course is open to all students at RUC, but the students choosing this course are usually
from natural science. Last year, for example, a student not from INM (with no math background
except the high school) took the course. In the following, (computational) exercises related to
vector fields will be discussed and how they have been used in the teaching in the past,
supporting the more traditional lecturing (usual blackboard teaching, pen and paper exercises,
and similar).
A vector field is an abstract mathematical object which associates to points in space (or
on a plane) an arrow (a vector). The use in physics of these kinds of objects can, for example,
be to describe the velocity a piece of wood would have while floating on a river. Depending
on where in the river the piece of wood is, it will experience a different velocity. The first step
for the students in understanding this kind of mathematical object is to visualize these “arrows”
and thereby understand the connection between the mathematical formulation of a vector field
and its representation. The structure of the lecture is that we start studying simple fields and
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represent them on the blackboard, then we try out more advance fields, where the help of the
computational tools play a role, and finally try to understand features of the field that can be
directly obtained by looking at the equations with a trained eye.

5.1.1 Step one: Visualizing a vector field
The figure below (Figure 3, panel (a)) shows the representation of one of the examples
of simple vector fields used in the start of the course. The field is F = (0, 2x) and it is evaluated
along the x-axis which corresponds to the y = 0 condition. For this first field, the field will be
evaluated at different points and consequently shown on the blackboard. The figure shows what
will be drawn on the blackboard when the field is evaluated at the 3 points: (1,0), (2,0), (3,0).
The vector field at these points is (0,2), (0, 4), (0,6) and this means that the arrows will be
longer and longer as we move away from the origin of the coordinate system. In this case the
vector field is so simple that the connection between the equations and the representation is
almost straightforward. The next figure (Figure 3, panel (b)) shows a slightly more complicated
vector field, F = (y, -x), evaluated at four points in the plane: (1,0), (0,1), (-1,0), (0,-1). After
these two examples, the students will have to practice the representation of vector fields by
themselves with pen and paper. To understand how this particular field looks like in the entire
plane it will be necessary to draw many more arrows and here is the first place where
computation tools help.

Figure 3. Simple visualization of 2d vector fields at specific points in the plane. (a) F = (0, 2x) at points (-3,0), (2,0), (-1,0), (1,0), (2,0), (3,0). (b) F = (y, -x) at points (-1,0), (-1,0), (1,0), (2,0), (0,-2), (0,-1), (0, 1), (0,2).
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Figure 4 shows the plot of the vector field produced using the Python script reported
below. The task of writing the script can be challenging for some students but once the
connection between the vector field and the script is clear, the student will be able to plot any
given vector field. After the script is written, the students will have to engage with more
complicated exercises from the book or creating a vector field themselves and representing it
using the script. They are required to first think on how the field could look like and then use
the script.

Figure 4. This figure shows the visualization of the vector field F = (y, -x) for several points in the plane. The
figure is produced using the Python script given in the text.

Example Python script:
import matplotlib.pyplot import numpy as np
# Create xy plane
x = np.arange(−1.5, 1.5, 0.1)
y = np.arange(−1.5, 1.5, 0.1)
X, Y = np.meshgrid(x, y)
# Define vector field
Fx = Y; Fy = −X # <--- THIS PART GETS MODIFIED WHEN CHANGING VECTOR FIELD
# Create figure
fig, ax = plt.subplots()
ax.quiver(X, Y, Fx, Fy, pivot='mid')
plt.show()
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5.1.2 Step two: Connecting the mathematical form to its representation
Sometimes students at the end of the previously described exercises come up with
interesting fields to discuss, and other times the teacher asks them directly to plot some
interesting cases. A first example of an interesting field, which is not trivial, is F = (x^2, y) (in
the Python script this will look like Fx = X**2; Fy = Y). This vector field has the feature of
having the first component of the field, Fx = x^2 positive everywhere in the plane (except for
x = 0). This means that the arrows representing this field in the plane are always pointing
toward “right”, i.e., the positive direction of the x-axis, while depending on if y is positive or
negative, they will be pointing up or down (see Figure 5, panel (a)). This is the kind of feature
of the vector field the students are usually able to recognize easily with the help of
computational tools.
A second example is the field F = (x/sqrt(x2+y2), y/sqrt(x2+y2)) (in the Python script this
will look like Fx = X/(X**2+Y**2)**1/2; Fy = Y/(X**2+Y**2)**1/2). This vector field has
a polar symmetry because the size of the arrows only depends on the distance from the origin
(which using Pythagoras theorem is sqrt(x2+y2) for any point in the plane) and the direction is
the radial vector connecting the origin to the point (x,y), see Figure 5, panel (b). The reason for
this example is to let the student understand the importance of symmetries in the study of a
vector field: once you recognize the symmetry you don’t even need to plot the entire vector
field but just need to plot it in some specific regions.

Figure 5. This figure shows the visualization of the vector field F = (x^2, y) (panel (a)) and of F = (x/sqrt(x2+y2),
y/sqrt(x2+y2)) (panel (b)). The Python scripts used for producing these figures are a modification of the one in
section 5.1.1.
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5.2 Course: Quantum mechanics
Quantum mechanics (https://study.ruc.dk/class/view/20659) is a 10 ECTS course that
runs over half a semester in physics. During the course, students complete a tutorial on how to
create a computer program to study a specific quantum mechanical system in Matlab/Octave
(programming language) and afterwards they are supposed to do their own programming with
time allocated throughout the course and at home. This project was introduced due to a change
in the course from 7.5 ECTS to 10 ECTS but it shouldn’t introduce heavier mathematical
course material. The idea is to give the student some specific problem to “fiddle around with”,
as introduced in the previous sections, and get more familiar with features of the quantum
world which are far from our usual intuition. A screenshot from the tutorial is given below.

Figure 6. Screenshot of tutorial in Matlab/Octave.

More specifically, the goal of the tutorial is to enable the student to write a computer
program that show the time evolution of a wave function in the infinite square well (potential).
The program can then be modified to study another quantum mechanical system, such as the
harmonic oscillator, the delta-function potential, etc.
Alas, observations made during two years of teaching this course were that students
tended to delay most of the programming (including the tutorial) to the end of course and, e.g.,
the tutorial didn’t provide much learning during the course although addressing a topic the
students encounter very early on in the course and which is imperative for understanding more
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advanced aspects. This choice was likely made as the mathematical part of the course took
most of the students' time and the project might be considered less important or the
programming too difficult. The project therefore seemed, to some extent, disconnected from
the course. Evaluations of the project was also that only limited learning was achieved. This
calls for a more active inclusion of the project/activities in the course as discussed earlier on in
this report.

5.3 The choice of Python and Jupyter notebooks
We choose in this project to change the way computational tools are used in the
previously described courses (Section 5.1 and 5.2). Furthermore, we change the programming
language to Python as well as introduce so-called Jupyter notebooks (to be explained below).
Python is an interpreted programming language (i.e., there is no need for compiling the
program), it is freeware, multi-platform, easily readable, and has a large number of free
libraries (Bäcker 2007; Chabay and Sherwood 2008; Landau, Bordeianu, and Paez 2009).
Python is therefore becoming the dominant programming language both in science and in
industry; for example, many data analyst jobs require knowledge of Python (Borcherds 2007).
In general, studies also indicate that it is an easy language to use even for students not familiar
with any programming (Borcherds 2007; Körber et al. 2018). The choice of using Python for
this project is also related to the choice taken at the departmental level (INM) of moving away
from the use of proprietary software (such as MatLab).
Jupyter provides the concept of a notebook where students can program in Python,
visualize figures and animations directly in the notebook, as well as write their own
text/thoughts (Engelhardt 2015; Sands 2010). Jupyter notebooks therefore offer both the
possibility to present itself as an interactive lecture note and to function as a diary for students
to work with and write in. The latter part being crucial to learning something from incorrect
programming (Sands 2010). Notebooks on the computer is by itself nothing new but is in
Jupyter linked to the Python programming language. Hence, we choose Jupyter to design our
activities around. A short guide on how to run Jupyter notebooks from the browser (using
Google Drive and Google Colaboratory) is provided in Appendix A.
Additionally, from a scientific point of view, “Nature, one of the most prestigious global
scientific journals, has recommended its use based on their extensive user community and the
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reproducibility of the research and the hability to share analytical results with the community”
(Suárez et al. 2018).
Jupyter notebooks are also, in our opinion, a great way to implement the aspects discussed
in Section 2.2 for the following reasons. The notebooks are flexible in terms of providing the
possibility for varied difficulty levels, and the teacher can develop different levels of
scaffolding. The first notebook we will introduce is for students at the bachelor level; these
students are guided though the activity by examples of code that they should then replicate.
The second and third notebooks are for more advanced students where students must first
understand the content to fully “complete” them. The notebooks are a mix of text and coding.
This allows the teacher to make the code easily readable (because it can be described in words
and equation), and at the same time allows for the presence of external links to relevant guides
(Barba 2018). Before going further into these topics, we will present our design principles.

5.4 Design principles
Our primary design principle is coding and computational manipulation of symbols
standing in for science concepts. In this section, we distinguish between design principles at
the course level, e.g., how activities can be organized to support teaching, and design principles
for a specific activity in class. Based on the literature (Barba 2018; Chabay and Sherwood
2008; Sands 2010) and our own discussions we provide first the principles, then the reasoning
behind them, and finally their instantiation in the previously described two courses at RUC.
We will assume here that the design is intended such as to support current teaching rather than
a redesign of the course built only upon computational content. The latter would possibly need
a different set of design principles and is also being actively pursued elsewhere (Barba 2018).

5.4.1 Course-level principles
•

Modularization of activities.
The main principle (and only) we formulate on the course level is that activities should

be modular, i.e., self-contained and addressing a specific topic. Modularity promotes
differentiated teaching. If students one year have specific course material problems, modularity
ensures that these needs can be easily accommodated (assuming the portfolio of activities is
diverse enough). Modularization may also promote exchange of information between different
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practitioners. Hence researchers suggest publishing all material online (Barba 2018). In this
spirit we have published all our modules online.
A modular organization of the course will also allow for a more systematic introduction
of computational activity in the course work. As mentioned in Section 5.2, sometimes the
students can identify the computational activities as a separated part of the course and not as
an integrated teaching methodology. A modular restructuring of the course should help the
students in focussing on the computational activity at just the “right” time in their course work.

5.4.2 Activity-based principles
• Contain a direct (clear) link between coding/manipulation and the course material. As
discussed in Section 4, the learning activity should allow the students to manipulate the
subject of study and it’s necessary to have a clear correspondence between course
material and the activity itself.
• Apply a scaffolding approach using, e.g., pre-implemented code/examples. This serves
two scopes: in first place this is a way to mask the difficulties which can arise from a full
quantitative treatment while at the same time allows the teacher to tune the activity to the
student level.
• Contain material that either go in-depth with, or beyond, the course material. In order to
facilize a creative approach of the students to the activity, the material should go beyond
what can be easily found in the reference book (and ideally also online)
• Overall promotion of the documentation of the study. The last design principle is not
related to the previous discussion on a constructivist approach but aims mainly at
developing the good habit of keeping track of what has been done while doing it.
The activity-based principles that we formulate are given above. The first principle –
which we believe to be the most important – is having a direct/clear link between the material
to be coded and the course material. This principle ensures that the activity is immediate
relevant for students, but also forces the students to think about the course material while
coding. The latter can be achieved by providing small coding exercises of no more than 1 line
directly related to the course material.
Scaffolding is naturally a key and can be done by pre-implementation of some of the code
such that the students can more easily see the structure in the material to be explored without
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being overwhelmed. Scaffolding can also be used by the teacher to let the students focus on
specific aspects of the exercise which is considered to be more important. Hence this is our
second principle. Note that a different level of scaffolding is used in the modules presented in
the following sections. The reason for this difference is in the different student public the
modules are intended for: bachelor level for Understanding the continuous world and kandidat
level for the quantum mechanics one.
Material going beyond, or in-depth, with the course material promotes overall “playing
around with code” to learn new phenomena, but also ensures that students document their
study. The answer is nowhere to be found in the course material and hence the students must
document to “remember”. The latter part being important since students can learn something
even if they didn’t implement everything correctly (Sands 2010). We believe, all these
principles must be implemented in concert in the computational activity. No principle can stand
alone.

5.5 Jupyter example: Understanding the continuous world
This module shows how the design principles mentioned in the previous section can be
applied to the case discussed in Section 5.1. The exercises are now arranged in a consistent
Jupyter module which should help the students in engaging with the subject. The module is
made of two exercise sections which are both introduced by relevant theory and coding
examples (Figure 7).

Figure 7. Title and first section of the Jupyter module developed for the course: Understanding the continuous
world.
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In the start of the module (named after the lecture it’s connected to) some of the content
already discussed in lectures are reproduced, welcoming the students to familiar material but
at the same time introducing the transposition of the mathematical problem in coding terms. In
the first part of the notebook (Section 2.1.1 of the notebook) the students' task is mainly to
familiarize themselves with the coding which is supplemented with scaffolding comments
describing what is happening step by step. In the notebook external links are also given which
can be used to find further documentation for understanding what the script is doing.
In the following Section 2.1.2, the students are asked to reproduce parts of the script
which is shown in the previous (notebook) section on several different vector fields. Four of
these vector fields are predefined and one (or more) can be ‘invented’ by the student. For all
the vector fields, the student must comment on the output of the script and how it is connected
to the functional form of the vector field. In this context, the vector field is something the
student can change in order to observe a different output (its visualization). The vector fields
selected by the teacher have some peculiarities the student should focus on (as mentioned in
Section 5.1) while the second part of the exercise (the choice of the field) is meant to leave the
opportunity of surprise and, at the same time, to let the students try to formulate ‘educated
guess’ of the relation between the functional form and the representation of the field.
The second section (notebook Section 2.2) of the module follows a similar structure to
the first part: in the start there is an example showing how to visualize a vector field together
with its field lines; the second part is an exercise for the students. Again, in the exercise, the
students are asked to reproduce what is seen in the example in a different situation. One vector
field is given and the other one should be added by the student. The section ends asking the
student to discuss the results. Hence, we have used all four principles in this module.
The developed Jupyter notebook is attached as Appendix B. See also Appendix A for
how to run the notebook.

5.6 Jupyter example: Quantum mechanics
This section describes one of two modules developed for teaching in quantum mechanics:
Module 1: Infinite square well and Module 2: Magnetic fields (see Section 5.2). These topics
were chosen specifically to satisfy the modularity requirement.
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Module 1 addresses a topic encountered in all quantum mechanics textbooks, namely the
solution to the “infinite square well”. The module is divided into different sections (notebook
Section 1: Schrödinger equation, Section 2: Stationary states, etc.) that gradually increase in
complexity. A screenshot of the beginning of Module 1 is given in Figure 8. First the link
between the module and the course material is established by providing learning goals as well
as a brief introduction of the module/material is given in each section (also citing the textbook).

Figure 8. Introduction to material in Module 1.

Afterwards the students, in each section, encounter small coding exercises which are to
be solved to have a working notebook (i.e., to be able to run it). As can be easily understood,
the requirements for completing this task are different from the ones needed in the previous
case (Section 5.5). In this case, we are dealing with students at the “kandidat” level and the
scaffolding is substantially different. Since the students must implement these exercises to run
the notebook, it is not possible to simply skip them. The small exercises work directly with
material and equations from the textbook.
Examples of two small exercises are given below where students are to calculate
expansion coefficients and build a wave function, which are basic mathematical exercises also
during the course. The coding itself is no more than 1 line but forces the student to think of
what the equation/code does/means in a bigger context. In the example below we have not
deleted the code the students are to implement for clarity. The comments “# ??? Implement me
???” indicates where the students should interact with the code.
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Figure 9. Two small coding exercises.

The students also encounter exercises that go beyond, or in-depth, with the course
material. An example is given in Figure 10, where students can choose their own initial wave
function (named Exercise 1 below) and study how different quantities (the mean momentum
<p>) evolve in time. Doing this part analytically would be impossible.

Figure 10. Playing around with initial conditions.

As a basic requirement for the module, students are asked to hand in their notebook the
week after to promote reflective documentation. However, the questions throughout the
notebook are also formulated in such a way to motivate students to write down what they
observe and how they reasoned in the process, i.e., to function as a professional/research diary.
In the last example, the answer is not even known to the teacher and hence the students must
document their findings properly to “convince” the teacher. The structure of the Jupyter
notebook helps the student to write the report as part of the notebook. The notebook can be
then exported as a .pdf file and used as hand-in, saving also time on the student side.
The developed Jupyter notebooks are attached as Appendix C and D.
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6.0 Summary and Outlook
In this project we formulated, with the help of background literature, insights from some
of the classic (e.g., constructivism) and recent (e.g., embodied cognition) theories of learning,
and our own considerations, the design principles for effectively using (Jupyter) computational
tools in science education courses to help students overcome mathematics-related learning
difficulties. The design principles we actively pursued during these conceptualisation and
development processes were that the modules should:
1) Contain a direct (clear) link between coding/manipulation and the course material.
2) Apply a scaffolding approach using, e.g., pre-implemented code/examples.
3) Contain material that either go in-depth with, or beyond, the course material.
4) Overall promotion of the documentation of the study.
The overall purpose of principle 1 and 3 is “working with content”. The first principle
introduces relevance whereas the third principle extends this relevance. Principle 2 introduces
a step-by-step approach rather than an all at once approach and thereby provides cognitive
improvements. The last principle is a meta-principle which encourages reflection from students
once the task is complete.
We applied these principles to two courses at RUC in the physics department and resulted
in computational Jupyter “modules”. However, important questions that remain are: How well
do the developed modules support our current teaching method and do the modules really do
what we claim (i.e., overcoming the math barrier)? We would like to have tested the modules
in the timespan of the CUTL project, but alas this was not possible. Therefore, in the year 2021,
we intend to test the modules in practice by incorporating them in our respective courses (the
first already from February). The modules do not rewrite the current way teaching is performed,
but they do invoke a large enough change in the current teaching practice that, if successful,
may introduce even larger changes. At the current point in time, this is too early to say but we
feel confident that the developed modules will appear useful.
When we carry out the testing of the developed modules, we anticipate that new design
principles may arise or that the currently formulated principles will need to be revised. The
design principles are therefore to be considered as part of a design-redesign cycle. In fact, the
action-based accounts of cognition and learning also offer different design principles that we
could not implement in the current version of our intervention due to time constraints. For
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instance, recent developments in embodied and extended cognition research inform us that full
manipulation of elements in a computational and modelling interface is critical to supporting
the development of representational competencies in science. Specifically, embodied cognition
asserts, with empirical evidence from neuroscience, that actions and manipulation (i.e., motor
control – the body and brain’s motor system is responsible for all bodily movements and
actions) performed on symbols and other representations (e.g., in an interface) would
trigger/prime the neural processes underlying representational competencies. As an
instantiation in the intervention (computer interface), this principle would imply that all
symbols be manipulable, how physical objects are manipulable. In other words, instead of
‘typing’ numbers and symbols in order to play around with an equation, the interface could
provide ‘virtual’ objects (e.g. dials, sliders; Kothiyal et al., 2014) that, when acted on, would
help learners change numbers and symbols. The latter would also be a more intuitive way of
playing around. However, implementing such design elements requires a focus on interface
programming, which in turn requires time.
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7.0 Limitations
In this project we only developed computational modules for physics, and thus an obvious
critique that could be raised is that of exemplarity; can computational modules be used outside
of physics, one might ask? As already touched upon, (mathematical) modelling is an integral
part of natural science and hence extending this approach to, e.g., biology or chemistry is
straightforward. Outside the natural sciences, we can take neoclassical economics - a heavy
mathematical branch of economics - as one such example. In this branch long-term economic
growth is modelled, for instance, by nonlinear dynamical differential equations, much like in,
e.g., physics. We therefore argue that our computational approach is also useful for, say
economics, in the sense that computational content can overcome the hardcore mathematics
often underlying the economic models and thereby develop an intuitive understanding of
economic growth. One could, for instance, change production functions such as to play around
with these elements to develop an intuitive understanding of economic models.
Our approach currently does not include an implementation of social constructivist ideas
of learning. For instance, proper scaffolding in real-life educational settings happens not only
through instructor/teacher-learner interactions but also through the interactions taking place
between peers, where they engage in casual as well as serious collaborative symbol-based tasksolving processes. Such a learning may involve peers with roughly equivalent symbolic or
representational competencies, or those with a mix of competencies (e.g., apprenticeship). In
the future, similar endeavours should aim to address the peer teaching-learning aspects of the
development of symbolic thinking and modelling to holistically support learners in overcoming
mathematics-related difficulties in science education.
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Appendix A: Jupyter using Google Colaboratory
In the following a brief (5-10 mins) step-by-step guide on how to run Jupyter notebooks
using Google online services (Google Colaboratory and Goggle Drive) is provided. An
alternative

for

running

the

notebooks

locally

is

the

use

of

Anaconda

(https://www.anaconda.com/products/individual) which is a collection of packages used for
computational sciences. This package is available on any platform (Linux, MacOS, Windows)

Step 1: Go to https://colab.research.google.com/notebooks/intro.ipynb
On this web site a small tutorial on how to do simple operations with a Jupyter notebook
is provided.
Step 2: Sign in with your Google account.
In the top-right corner of the page there will be a link for the Sign in. If you don’t have
a Google account, you can create it from the Sign in link.
Step 3: After Sign in you’ll be brought back to the web page in Step 1.
In the top-left corner of the page there is the File menu. From here you can select to
Upload a notebook.
Step 4: Once you uploaded the notebook, the web page will re-direct you directly to the
notebook itself and it will be ready to be used.

Note: When you create a Google account, you’ll automatically create also an account on
Google Drive which is an online Cloud service for storing files provided by Google. The
notebook you upload will be saved in a folder named Colab Notebooks on Google Drive. If
you have already used Google Colab and the folder Colab Notebooks already exists, you can
simply upload the notebooks you plan to use into this folder. When you open a Jupyter
notebook in Google Drive there will be the menu “Open with” from which you can select
“Google Colaboratory”.
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Appendix B: Jupyter: Understanding the continuous world
See accompanying pdf file and ipynb file.

Appendix C: Jupyter: Quantum mechanics (Module 1)
See accompanying pdf file and ipynb file.

Appendix D: Jupyter: Quantum mechanics (Module 2)
See accompanying pdf file and ipynb file.
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